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Abstract For Nonlinear-Frequency Division-Multiplexed (NFDM) systems, the statistics of the received
nonlinear spectrum in the presence of additive white Gaussian noise (AWGN) is an open problem. We
present a novel method, based on the Fourier collocation algorithm, to compute these statistics.
Introduction
The Nonlinear Fourier Transform (NFT) has been
proposed as an alternative for system design in
an attempt to overcome the capacity peak of
linear transmission systems over the Nonlinear
Schro¨dinger Equation (NLSE) channel1. As a
special case, communication using multi-solitons
has been demonstrated numerically and experi-
mentally in several scenarios2. In the presence of
amplifier noise, the eigenvalues and the nonlinear
spectrum become strongly correlated. Neglect-
ing this correlation causes a significant loss in the
achievable data rates3,4. Therefore, knowing the
statistics of the nonlinear spectrum is crucial to
optimally design and detect multi-soliton pulses.
The effect of channel noise on the nonlinear
spectrum of a pulse is not yet well understood.
The analytic result is available only for few spe-
cial cases, such as a first-order soliton5,6. Wahls7
proposed a numerical method to compute the
statistics of the spectral coefficients when a sig-
nal is contaminated by AWGN. Although applica-
ble for any sampled pulse, this method depends
on the time-domain representation of the pulse,
not directly its nonlinear spectrum, and has the
same NFT algorithmic challenges in numerical
accuracy and complexity.
We present a novel method, developed in fre-
quency domain, to compute the statistics of the
eigenvalues of a multi-soliton contaminated by
AWGN. We show that they have a jointly complex
Gaussian distribution with a covariance matrix for-
mulated in terms of the nonlinear spectrum. We
show the accuracy of our method for a 2-soliton
through simulations. Although we develop our
method for multi-solitons, its application can be
extended for other NFDM pulses.
Nonlinear Fourier Transform and Multi-
Solitons
The NFT of a signal q(t) is obtained by solving the
Zakharov-Shabat system (ZSS):
(− ∂∂t q(t)
q∗(t) ∂∂t
)(
v1(t, λ)
v2(t, λ)
)
= jλ
(
v1(t, λ)
v2(t, λ)
)
(1)
v(t, λ)→
(
1
0
)
e−jλt, t→ −∞ (2)
where λ is the eigenvalue and the Jost solution
v(t, λ) = (v1 v2)
T is the eigenvector. The spectral
coefficients a(λ) and b(λ) are given by
a(λ) = lim
t→+∞ v1e
jλt b(λ) = lim
t→+∞ v2e
−jλt.
The nonlinear spectrum consists of two parts:
(i) continuous spectrum: Qc(λ) =
b(λ)
a(λ) , for λ ∈ R,
(ii) discrete spectrum: Qd(λk) =
b(λk)
aλ(λk)
, for the
K distinct eigenvalues {λk ∈ C+ : a(λk) = 0}
where aλ = da/dλ. The nonlinear spectrum of a
signal q(z, t) propagating along a noiseless fiber
(modeled by the NLSE) evolves in z according to:
Qc(z, λ) = Qc(0, λ)e
4jλ2z (3a)
λk(z) = λk(0) (3b)
Qd(z, λk) = Qd(0, λk)e
4jλ2kz. (3c)
Multi-soliton pulses are a special class of
pulses with no continuous spectrum, i.e., Qc(λ) =
0. From (3b), the eigenvalues of a multi-soliton
stay constant along propagation, and the spectral
amplitudes evolve independently of each other.
The complete version of the Darboux algorithm8
(Algorithm 1) constructs a multi-soliton and its
Jost solutions from the discrete spectrum.
Fourier Collocation (FC) Method 9: The FC
Method represents the ZSS (1) in terms of the
Discrete Fourier Transform (DFT) of the sam-
pled pulse qm = q(mTs) and the Jost vectors
vk[m] = (vk,1[m] vk,2[m])
T , v(mTs, λk), where
m ∈ {−N, . . . , N} and Ts is the sampling period:
qm =
N∑
n=−N
cne
jn 2piM m, vk,i[m] =
N∑
n=−N
ak,i[n]e
jn 2piM m
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2for i ∈ {1, 2} and M = 2N + 1. The ZSS (1)
becomes
Sak = λkak (4)
where
S =
(
Ω Γ
−ΓH −Ω
)
(5)
ak = (ak,1[−N ] · · · ak,1[N ] ak,2[−N ] · · · ak,2[N ])T
Ω = − 2piL diag (−N, . . . , N), and Γ ∈ CM×M
is a Toeplitz matrix whose first column is
−j(c0 . . . cN 0 . . . 0)T and whose first row is
−j(c0 . . . c−N 0 . . . 0).
As a result, the eigenvalues and the right eigen-
vectors of S correspond to the eigenvalues and
the DFT of the Jost solutions of (1). Although
our analysis is in the limit of N , FC is known to
estimate the eigenvalues with a fine precision for
rather small values of N .
Statistics of the Eigenvalues
Consider a sampled multi-soliton perturbed by
AWGN
qˆm = qm + q˜m (6)
where q˜m are i.i.d. circularly symmetric complex
Gaussian variables with zero mean and variance
σ2q˜ . The DFT of qˆm is cˆn = cn + c˜n, where c˜n is
also i.i.d. circularly symmetric complex Gaussian
with per-sample variance σ2c˜ = σ
2
q˜/M . In (4), S is
replaced by the perturbed Sˆ = S + S˜, with
S˜ =
(
0 Γ˜
−Γ˜H 0
)
(7)
where Γ˜ is defined similarly to Γ with all cn re-
placed by c˜n. Using perturbation theory10, we can
show that Sˆ has eigenvalues
λˆk = λk + λ˜k + o (1/SNR) (8)
if SNR ,
∑
n |cn|2 /(Mσ2c˜ ) 1. The term λ˜k is
λ˜k =
(
bk,1Γ˜ak,2 − bk,2Γ˜Hak,1
)
bk,1ak,1 + bk,2ak,2
(9)
where ak,1 and ak,2 are respectively the first and
second halves of ak, and bk,1 and bk,2 are row
vectors with bk,1[m] = ak,2[−m] and bk,2 =
ak,1[−m], for −N ≤ m ≤ N .
Let λ˜k = ξ˜k + jη˜k and ξ˜ = (ξ˜1, . . . , ξ˜K)T and
η˜ = (η˜1, . . . , η˜K)
T . Reordering (9), we have(
ξ˜
η˜
)
= D
(<{c˜}
= {c˜}
)
(10)
Algorithm 1: Darboux Transform to compute
K−soliton q(K)(t) and Jost Solutions (JS)
v
(K)
k (t), k = 1, . . . ,K.
for i← 1 to K do
b(λi) =
Qd(λi)
λi−λ∗i
∏K
k=1,k 6=i
λi−λk
λi−λ∗k ;
v
(0)
i (t) = (e
−jλit,−b(λi)ejλit)T ;
q(0) = 0;
/* iteratively add (λi, Qd(λi)) */
for i← 1 to K do
(ψ1, ψ2) = v
(i−1)
i (t);
/* update signal */
q(i)(t) =
q(i−1)(t)− 2j(λi − λ∗i ) ψ
∗
2 (t)ψ1(t)
|ψ1(t)|2+|ψ2(t)|2 ;
/* update JS for λi */
C =
b(λi)
∏i−1
k=1 (λi − λk)
∏K
k=i+1 1/ (λi − λ∗k);
v
(i)
i (t) =
C
|ψ1(t)|2 + |ψ2(t)|2
(−ψ∗2(t)
ψ∗1(t)
)
;
/* update JS for λk 6=i */
for k ← 1 to K; k 6= i do
v
(i)
k,1(t) =(
λk − λ∗i − (λi−λ
∗
i )|ψ1(t)|2
|ψ1(t)|2+|ψ2(t)|2
)
v
(i−1)
k,1 (t)−
(λi−λ∗i )ψ∗2 (t)ψ1(t)
|ψ1(t)|2+|ψ2(t)|2 v
(i−1)
k,2 (t);
v
(i)
k,2(t) = − (λi−λ
∗
i )ψ2(t)ψ
∗
1 (t)
|ψ1(t)|2+|ψ2(t)|2 v
(i−1)
k,1 (t) +(
λk − λi + (λi−λ
∗
i )|ψ1(t)|2
|ψ1(t)|2+|ψ2(t)|2
)
v
(i−1)
k,2 (t);
where c˜ = (c˜−N · · · c˜N )T and, for k ∈ {1, . . . ,K},
the rows of D are
Dk, : =
[={rk,2 + rk,1} < {rk,2 − rk,1}]
Dk+K, : =
[<{−rk,2 − rk,1} = {rk,2 − rk,1}]
where we define for n ∈ {−N, . . . , N}:
rk,i[n] =
1
gk
N∑
p=−N
ak,i[p]ak,i[n− p], i ∈ {1, 2}
and rk,2[n] = rk,2[−n]. Moreover, gk =
2
∑N
n=−N ak,1[n]ak,2[−n].
Since c˜n are i.i.d. Gaussian, (ξ˜
T
, η˜T )T is jointly
Gaussian with zero mean and covariance matrix
Cξη,ξη =
σ2q˜
2M
DDH . (11)
Note that Yousefi11 also uses eigenvalue per-
turbation theory to obtain a result similar to (8).
Our contribution is a procedure (Algorithm 1) to
numerically compute the Jost solutions required
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Fig. 1: (a) NMSE of eigenvalue covariance matrix estimation for a 2-soliton with 256 samples and SNR= 10 dB. (b) Entries of the
covariance matrix for the same experiment. (c) φ-averaged NMSE of eigenvalue covariance matrix estimation for a 2-soliton with
256 samples. FC: Fourier collocation. NS: Newton search.
in (8), and the computation of the full joint prob-
ability distribution of the eigenvalues in the fre-
quency domain.
Numerical validation
We ran a numerical experiment with a 2-soliton
with Qd(0.3j) = 1.8 and Qd(0.6j) = 3.6ejφ, for
varying φ. The time axis had 256 samples in
[−12.4842, 12.4842]. The per-sample variance of
the AWGN was σ2q′ = 0.014362 (SNR = 10 dB).
For φ ∈ [0, 2pi], the analytic covariance matrix
Cξη,ξη from (11) was compared with experimen-
tal covariance matrices from both the Fourier col-
location (FC) method and the Newton-Raphson
search (NS) method with forward-backward com-
putation and trapezoidal rule8. The number of
Monte-Carlo runs for each value of φ was 12288.
Fig. 1 (a) shows the normalized mean square er-
ror (NMSE) of the estimation of Cξη,ξη:
NMSE =
∥∥∥Cˆξη,ξη −Cξη,ξη∥∥∥2
F
‖Cξη,ξη‖2F
(12)
where Cˆξη,ξη is the experimental covariance ma-
trix. Newton search is more robust against
noise. However, observe that our analytic for-
mula (11) matches the experimental results very
well (NMSE ≈ 0.01). FC seems to be inaccu-
rate when φ is around pi. Note that the NMSE is
a combination of the errors from [a] the NFT al-
gorithm (NS or FC), [b] limited amount of Monte-
Carlo runs, and [c] neglecting higher-order per-
turbation terms. Simulations with higher sampling
rate and more Monte-Carlo runs showed that [a]
and [b] play a negligible role in Fig. 1.
Fig. 1 (b) plots the relevant entries of Cξη,ξη.
The variances of the imaginary parts η of the
eigenvalues (dashed lines) are larger than those
of the real parts ξ (solid lines), and there is corre-
lation between the two eigenvalues. Solitons with
φ = pi are less robust to noise.
In a second experiment, we varied the SNR and
obtained the average NMSE over different phase
differences φ. The results are plotted in Fig. 1
(c). Again, (11) accurately predicts the covariance
matrix of the eigenvalues obtained using Newton
search. The covariances become smaller at high
SNR, and the increase of NMSE with SNR for the
FC method hints at numerical instability.
Conclusion
We proposed a new frequency-domain method
based on Fourier collocation to compute the
statistics of the eigenvalues of a multi-soliton per-
turbed by AWGN. The method is shown to match
the simulation results for a 2-soliton.
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